We observe "quantum" properties of resonance equilibrium points and resonance univariant submanifolds in the phase space. Resonances between Birkhoff or Floquet-Lyapunov frequencies generate quantum algebras with polynomial commutation relations. Irreducible representations and coherent states of these algebras correspond to certain quantum nano-structure near the classical resonance motion. Based on this representation theory and nano-geometry, for equations of Schrödinger or wave type in various regimes and zones (up to quantum chaos borders) we describe the resonance spectral and long-time asymptotics, resonance localization and focusing, resonance adiabatic and spin-like effects. We discuss how the mathematical phase space nano-structures relate to physical nanoscale objects like dots, quantum wires, etc. We also demonstrate that even in physically macroscale Helmholtz channels the resonance implies a specific quantum character of classical wave propagation.
Introduction
Wave and quantum equations of Helmholtz and Schrödinger type admit regimes and states of very different kinds. Many important physical applications deal with regimes which are not completely chaotic but have distinguished "integrable" motions, say, equilibria, and certain excitations around them. These excitations are described by a model system 1 . By resolving the model system, it is then possible to compute solutions of the original problem via the perturbation theory. This scheme goes back to Laplace, Rayleigh, Poincare, Ehrenfest, Birkhoff, Bogolyubov.
Usually, in this approach one assumes that the model system is as simple as possible, say, reducible to trivial scalar operators. But, in general, the model system is represented by nontrivial wave or quantum equations.
Studying wave and quantum equations very often uses the analogy with classical mechanical systems and exploits the phase space geometry. The quantization technique, developed to obtain an operator representation of the phase space geometric structures, can be effectively applied to construct approximate or exact solutions of wave equations. This is the general idea supported by the progress in the semiclassical asymptotics theory during the last half of the twentieth century due to the works by J. Keller, V. Maslov, V. Buslaev, V. Babich, V. Buldyrev, M. Berry, A. Boutet de Monvel, J. Klauder, E. Heller, J. Sjöstrand, V. Guillemin, S. Sternberg, Y. Colin de Verdiere, and many others.
The ray method [3] and the general canonical operator theory [4] were developed to construct asymptotic solutions of PDE localized at points, trajectories, tori, or other invariant submanifolds in a phase space.
In the multidimensional case all approaches of the averaging method and of the semiclassical approximation theory have the well-known stumbling block: the nonresonance (or incommensurability) condition for frequencies of the classical Hamiltonian dynamics over the invariant submanifolds.
The resonance phenomenon for wave and quantum equations is an old open problem. Of course, this is related to the resonance problems in classical mechanics [5] , for instance, to the resonance theory of averaging and normal forms [5, 6] . However, in the wave and quantum mechanics, at least in the stable case, the resonance problems are simpler, since they deal with a discrete spectrum and a finite-dimensional degeneracy.
An example can be presented by the two-dimensional Schrödinger operator whose potential has a nondegenerate minimum point and the square roots of eigenvalues of the potential second derivatives matrix at this point (in Euclidean coordinates) are commensurable. The semiclassical asymptotics of the spectrum of the Schrödinger operator near such a resonance bottom is an open interesting question.
Another known example: spectral asymptotics corresponding to closed stable trajectories (e.g., geodesics) in the case of a resonance between the Floquet-Lyapunov frequencies [3, 7] .
One more interesting question is the long-time evolution of wave packets localized at a resonance stable equilibrium point, or trajectory, or torus.
In what follows, we suggest a way for solving these resonance problems.
Correlation of modes in resonance clusters
Let us consider the operator
where
and by V j we denote a j-linear form on R 2 . For instance, V 2 is a quadratic form, and the operator H 0 is just the Hamiltonian of a harmonic oscillator.
Let A > 0 and assume that the domain in R 2 where the potential V 2 + v does not exceed the value A is a connected neighborhood of zero. We are interested in spectral properties of the operator H on the energy interval (0, A).
Denote by α, β the frequencies of the oscillator H 0 . Then the spectrum of H 0 consists of the numbers
with known eigenfunctions |m, l ∈ L 2 (R 2 ) given by Hermite polynomials multiplied by the Gaussian exponent.
The resonance occurs when the following condition holds:
In this case, the spectrum of H 0 is degenerate, that is, there are nontrivial clusters of pairs (m, l)
To understand what is the effect of resonance, let us consider the matrix elements
which control the correlation (the transition probability) between the modes |m, l and |m ′ , l ′ . In the nonresonance case where the ratio α/β is irrational, for any t ∼ −s , one has
But in the resonance case, if t ∼ −s (for some s) and the pairs (m, l) ∼ (m ′ , l ′ ) are inside a cluster, then These are analytic and geometric consequences of the resonance. But behind all there is an algebraic phenomenon generated by the resonance.
Noncommutative resonance algebras
Let us consider a neighborhood of the origin in R 2 of order 1/N . We call this domain an Nth microzone if N > 2. If N = 2, then we use a specific term a nanozone.
In micro or nanozones, the potential v in (1), (2) can be considered as a perturbation with respect to the leading part H 0 .
Denote by M 0 the algebra of integrals of motion for H 0 , or the commutant of H 0 . Thus, each element from M 0 commutes with H 0 . In the Nth microzone, one can find a unitary operator U such that
where F j ∈ M 0 for all j. For instance, the operator F 1 is just the projection of V 3 onto M 0 , the operator F 2 is determined (explicitly) by V 3 and V 4 , etc. The representation (5) is the result of application of the quantum averaging method developed in a similar framework in [8, 9, 10] . As we see from (5), the study of the operator H in the Nth microzone can be reduced to the study of operators from the algebra M 0 . In the nonresonance case the algebra M 0 is commutative.
In the resonance case (4), the algebra M 0 is noncommutative.
Thus, the resonance implies the "quantum" behavior of the problem under study. The word "quantum" we use as a synonym of "noncommutative." The "quantum ray method," the "quantum characteristics," the "quantum geometry" -all this appears as a consequence of noncommutativity of the algebra M 0 under the resonance.
The commutation relations in the algebra M 0 are of the following type:
Here ′ = 1−2/N , and A = ((A j )) is a set of generators, Ψ jk is a Poisson (quantum) tensor. One can choose the generators in such a way that the components Ψ js be polynomial, and so we can say that M 0 is an algebra with polynomial commutation relations. In general, these relations do not belong to the class of Lie algebras and present more complicated algebraic structures whose study began not so long ago (see the reviews in [11, 12] and the references therein).
In the case of the simplest isotropic resonance 1 : 1 (that is, α = β = 1), one has the following relations in M 0 :
So, in this case, M 0 is the enveloping of the Lie algebra su (2) . The spectral analysis of the operator (5) in this case is reduced to the study of a Hamiltonian over su (2) , which can be done by the standard technique (see, for instance, [13, 14, 15] ). Much more interesting case is represented by anisotropic resonances, say, the resonance 1 : 2 (where α = 1, β = 2). Denote by x ′ , y ′ rescaled Cartesian coordinates adapted to the Nth microzone. Introduce the annihilation operators
Then the algebra M 0 is generated by self-adjoint operators
The commutation relations (6) in this case (resonance 1 : 2) are the following:
Relations (8) remind the Faddeev-Zamolodchikov algebras in the theory of infinite-dimensional integrable systems (but now without the Hopf axiom, see [16, 17] ). Some details about algebras of the type (8) can be found in [18, 19, 20] and, of course, in many more recent papers.
Each resonance proportion q : r in (4) generates an algebra M 0 with polynomial commutation relations of the type (8) determined by the integers q, r. The same is true for more than two resonance frequencies as well.
From (5) it follows that, in the micro-and nanozone near the bottom of the potential, the operator (1) is approximately reduced to the Hamiltonian
with some polynomials f 1 , f 2 , . . . in the generators A of the algebra M 0 . The leading part H 0 in (9) is a Casimir element in M 0 and can be replaced by a scalar (in the irreducible representation). For example, consider the case of the resonance 1 : 2. The operator
in the Nth nanozone is reduced to
where A 3 is the generator of the algebra (8) given by the third formula in (7). Thus, one needs to study the spectrum of the element A 3 in the nth irreducible representation of the algebra (8) in order to find the bottom part of the spectrum of the operator (10).
The following important question arises: how to construct irreducible representations of algebras of the type (6)?
For the case of Lie algebras (in particular, for the resonance case 1 : 1), one has the orbit method (the geometric quantization). For anisotropic resonances and algebras with nonlinear commutation relations like (6), one needs a generalization of this scheme.
Quantum nano-geometry
The directing idea of the geometric quantization is to use the classical Poisson (symplectic) geometry and polarizations in order to determine quantum objects. The classical analog of the algebra M 0 is a Poisson algebra M 0 of functions on the phase space commuting with the symbol of the operator H 0 . The set M 0 , of course, was considered in classical mechanics dealing with resonance systems, see, e.g., [21] , but the Poisson structure on M 0 was not described and studied.
The classical analog of the "quantum" commutation relations (6) is a Poisson structure with the Poisson tensor of a polynomial type. For example, in the case of resonance 1 : 2, we obtain the following Poisson algebra M 0 which is the classical analog of (8):
The Casimir functions in this algebra are
The generic symplectic leaves are the two-dimensional surfaces
diffeomorphic to S 2 . The leaves are Kählerian manifolds with respect to the complex structure
The symplectic form ω 0 generated by the brackets (12) on the leaf (13) can be expressed by a Kählerian potential F 0 in the standard way
Note that the differential 2-form
is the Ricci form on Ω corresponding to the complex structure (14) . Now if one follows the geometric quantization ideas, the linear bundle over Ω with the curvature iω 0 must be introduced. In the Hilbert space of sections of this bundle, the operators of irreducible representation would act.
However, there are two principal problems. First, we do not know the measure on Ω with respect to which the Hilbert norm in the space of sections has to be defined. This measure must satisfy a reproducing property [22] . For the inhomogeneous case (where relations (6) are not linear) the existence of such a reproducing measure is, in general, unknown.
Secondly, even if one knows the reproducing measure, the problem is that the operators of irreducible representation of the algebra (6) constructed canonically by the geometric quantization scheme would be pseudodifferential, but not differential operators.
That is why we deform the quantization scheme and from the very beginning replace the symplectic form ω 0 by another "quantum" form ω in a way that guarantees the existence of the reproducing measure and the existence of irreducible representations of the algebra (6) by differential operators. This approach is explained in [22] .
Irreducible representations and coherent states of resonance algebra
Here we demonstrate calculations for algebra (8) related to the resonance 1 : 2. Let us consider the following hypergeometric equation
where n ≥ 0 is an integer, and the brackets [· · · ] denote the integer part. The solution is given by the hypergeometric function 1 F 1 , or more precisely,
Also consider the "dual" hypergeometric equation
Introduce the Hilbert space H n of polynomials square integrable over C with respect to the measure
Lemma 1 The operatorš
realize the Hermitian irreducible representation of the algebra (8) in the Hilbert space H n .
Lemma 2 Let us define the "vacuum" vector |0 as the solution of the equations
where a 1 , a 2 are some constants. Also define the coherent states in L 2 (R 2 ):
Then the integral transformation
intertwines the representation (7) of the algebra (8) and the irreducible representation (18), i.e.,
, 4).

Lemma 3
The hypergeometric polynomial K (17) is the reproducing kernel for the space H n . Moreover,
where P n is the projection in L 2 (R 2 ) onto the nth irreducible component.
Lemma 4 Let the quantum Kählerian form on Ω be defined by
where K is the hypergeometric polynomial (17) , and
Then the reproducing measure on Ω is given by
dm = K(|z| 2 )L(|z| 2 ) dz dz,
where L is the solution of the dual hypergeometric equation (17a).
In a micro-zone, where N > 2 and ′ is a small parameter, the following asymptotics hold:
Here dm 0 = g 0 dz dz is the Liouville measure corresponding to the form ω 0 on Ω. Moreover, one has
Also the following quantization condition holds:
From this lemma one can clearly see that there is an essential difference between the classical and quantum Kählerian structures on symplectic leaves Ω. In micro-zones, where N > 2, this difference is just asymptotical: the quantum structure is an ′ -perturbation of the classical one. But in the nanozone, where N = 2 and ′ = 1, the quantum structure is not a perturbation of the classical structure. Thus, one can talk about a specific quantum nano-geometry accompanying the resonance.
Spectrum asymptotics in resonance clusters
Now coming back to the spectral problem for the Hamiltonian (10), we can apply the coherent transform (20) to the operator (11). Then our problem in the Nth micro zone is reduced to studying the operator
whereǍ 3 is given by (18) .
Recall that (18) . In particular, at the nanozone near the bottom of the potential, we have N = 2, ′ = 1, and (22) becomes
The model ordinary differential operator staying in (23) at the term
determined the asymptotical properties of the original Hamiltonian (10) . By resolving the spectral problem in the space H n :
we obtain the eigenvalues ν = ν n,k and the eigenfunctions (polynomials) ϕ = ϕ n,k , where k = 0, . . . , [n/2].
Theorem 1 The asymptotics of the bottom eigenvalues λ and the eigenfunctions ψ of the Hamiltonian H (10) is the following:
Here n = 0, 1, . . . and 0 ≤ k ≤ [n/2]; the numerating numbers n, k are of order O(1) as → 0.
The corrections ν n,k and the coherent transform T in (25) present the main difference of this asymptotics from the standard oscillatory approach.
Of course, all the higher corrections of the asymptotics (25) are calculated explicitly by simple perturbation series.
If we go away from the nanozone near the bottom of the cubic potential (10) to some Nth microzone, then we must replace the model equation (24) by the equation
Here
The number N ≥ 3, so ′ → 0 and n ≫ 1. In this situation, we can approximately solve Eq. (26) using the technique of geometric coherent states over Lagrangian submanifolds (classical trajectories) in the symplectic leaf Ω developed in [23, 24, 25] .
We now briefly describe the result. In view of (22), the classical Hamiltonian over Ω is given by the coordinate function A 3 in the Poisson algebra (12) . Let us consider the energy levels of this Hamiltonian, that is the closed curves Λ ⊂ Ω defined by
Denote by Σ a part of Ω bonded by the curve Λ and consider the quantization condition 1 2π
This condition determines the discreet values ν = ν n,k in (27) . The numbers ν n,k give the leading part of the eigenvalue asymptotics in problem (26) . The asymptotics of the corresponding eigenfunctions ϕ is given by the integral over Λ:
Here {z = z(t)} is the parametrization of points of Λ by the time t in the Hamiltonian system over Ω generated by A 3 , the one-form θ is the primitive of the quantum symplectic form ω, namely,
and K is the hypergeometric polynomial (17) . So, finally, we obtain the asymptotics of higher energy levels of the operator H.
Theorem 2 Let
The asymptotics of the eigenvalues of the operator (10) with the numerating numbers n ∼ 1/ ′ is given by
Here the values ν n,k = ν n,k ( ′ ) are determined by the quantization condition (28) , where 0 ≤ k ≤ [n/2]. The asymptotics of the eigenfunctions corresponding to the eigenvalues (29) is the following:
where |z are coherent states of the algebra
given by (19) . All the corrections in the remainders in (29) and (30) are controlled by the higher-order terms in (11) and are calculated explicitly. N = 3, 4 , . . . , we can go further and further away from the bottom point of the spectrum of H. But in any case the quantum number n ∼ −(1−2/N ) in our asymptotics can never reach the order O( −1 ). Such large numbers n ∼ −1 correspond to the energy levels of H which are at the distance O(1) from the bottom level. In this area, the behavior of the operator H (10) is completely chaotic.
By increasing the number
Note that arriving closer to the chaotic zone, i.e., taking larger values of N, one needs to take into account higher-order terms in expression (9) at least up to f 2N −2 . All these terms give a contribution to the asymptotics of eigenvalues (29) considered with the accuracy o( 2 ). This means that all the terms V j (j = 3, . . . , N) of the Taylor expansion (2) of the potential at the resonance bottom point contribute to the o( 2 )-asymptotics of eigenvalues of the Schrödinger operator (1) in the Nth microzone. But the geometry of the curve (27) and the leading quantization condition (28) are determined by the term V 3 only.
Resonance long-time evolution
As a simple application of the above results, we describe the solution of the long-time evolution problem for the Schrödinger operator in the presence of resonance. Let us consider the Cauchy problem for the operator (10):
where χ 0 ∈ S(R 2 ). The initial data are localized in a nanozone O( √ ) near the bottom point x = y = 0 of the potential. Let us choose the following time values:
From the results described above, we obtain the asymptotics
where χ τ n is the solution of the evolution equation in the nth irreducible representation of the algebra (8):
Formula (33) demonstrates that the Schrödinger evolution of the wave packet (31) in the long-time interval (32) still keeps the packet to be localized.
The problem (34) after the coherent transform is reduced to the evolution problem for the second order ordinary differential operator on the left-hand side of (24) . This model problem does not have any small or large parameters and must be resolved exactly. This is the quantum nano-dynamics describing the Schrödinger evolution of wave packets localized at the resonance bottom point.
For smaller time interval
we have, instead of (34), the problem with a small parameter
where A 3 is the nth irreducible representation is given by the left-hand side of (26) . The evolution equation (36) can be resolved explicitly using the semiclassical approximation theory. So, in the time intervals like (35), the asymptotics of the solution of the Cauchy problem (31) is computed explicitly. Let us remark that the equations of the form (36) and more general equations which involve algebras of the type (6) are related to some hidden geometry (classical and quantum). The global geometric analysis of these equations leads to constructions of symplectic and quantum paths, to the symplectic and quantum holonomy and curvature, to the translocation operation, see [26, 27, 28] .
It may be relevant to mention that in the absence of resonance, the Cauchy problem like (31) is asymptotically solved without any difficulties on the time interval t ∼ O(1/ ∞ ).
Nano-structures over resonance trajectories and tori
Another problem which can be solved by the methods described above is the computation of spectral asymptotics corresponding to closed stable trajectories or invariant isotropic tori of the Hamiltonian dynamics in the presence of a resonance between Floquet-Lyapunov frequencies or a resonance between elements of the holonomy group. The Maslov complex isotropic bundles theory [7] in this situation has to be supplemented with certain algebraic and geometric nano-structures. After application of the quantum averaging method, we again reduce the problem to studying the commutant M 0 of the leading part of the FloquetLyapunov hamiltonian. The resonance means that the algebra M 0 is noncommutative, and we again can apply the quantum geometry technique to calculate irreducible representations of M 0 , coherent states, etc. Here not only the hypergeometric type but also the theta type [22, 29] quantum deformations arise.
In nano-and microzones near the trajectory (torus), we obtain a bundle with fiber-polynomial Poisson structures like (6) and the bundle of their symplectic leaves. The problem is reduced to model differential equations over these bundles. In the nanozone of order O( √ ) these equations do not contain a small parameter and must be resolved exactly, but in microzones of order O( 1/N ), N ≥ 3, the model equations can be effectively analyzed and explicitly solved using the global geometric semiclassical technique.
Conclusions
We observe the following: -the resonance of Birkhoff or Floquet-Lyapunov frequencies in the Schrö-dinger equation implies the appearance of specific noncommutative algebras, may be, of non-Lie type;
-such a noncommutative structure appears also in the Helmholtz equation, describing propagation of classical electromagnetic waves along resonance channels, and so the quantum behavior can be inherent in classical wave systems too;
-there is a nontrivial Poisson and symplectic geometry in nano-and micro-phase spaces near the resonance motion;
-to construct irreducible representations and coherent states for the resonance algebras, one needs to introduce some new concepts to the quantization procedure, in particular, the quantum Kählerian structures of hypergeometric-or theta-types; -in nanozones near the resonances, the spectral problem is reduced to a model differential equation of order more than 1, in general;
-the micro-and nano-phase spaces related to the resonance carry certain hidden dynamical geometry, classical and quantum, in particular, quantum connections, quantum paths and translocations; -this algebraic and geometric technique allows one to make a progress in the problem of resonances in the semiclassical approximation theory, in particular, in the spectral and in the long-time analysis.
On this way, we observe something interesting and new in spectral properties of the Schrödinger operator at resonance. For instance, in two dimensions, in the case of anisotropic resonance, say 1 : 2, the spectrum is given by a series in fractional powers 1/2 of the "Planck constant" (see (25) ). Also looking back to Section 2, we can conclude that the dynamic geometry of micro-and nano-phase spaces and quantum translocations [26, 27, 28] open a new way to describe the correlation and transition of modes in resonance clusters.
But, perhaps, the main and principal find in the study of the resonance problem is a class of very simple and fundamental physical systems whose description involves algebras with nonlinear commutation relations like (6) .
This means that algebras of such a non-Lie type are actually very common, although they were not clearly visible and not enough appreciated until now.
We refer to [30] for another class of basic physical examples where such types of algebras appear.
The ideas described above can also imply a change in the viewpoint on the role of resonances in wave and quantum problems. First of all, systems with resonances, probably, can be considered not as exceptional (like in the KAM theory), but as the basic ones with additional perturbations which control deviations from the resonance motion. And secondly, the resonances can be a source of models with noncommutative degrees of freedom (like spin or even with non-Lie permutation relations). This might be interesting for some extended physical concepts like the string theory, as well as for models of quantum computers.
